A three-dimensional analysis of cracks in adhesively bonded laminates, with debonding around the crack, is presented. The three-dimensional finite element method is based on a hybrid-stress procedure. Effects of the following parametricvariations are studied: (i) relative thicknesses of adhesives, (ii) relative material properties of adhesives and adherends, (iii) ratio of flaw length, to laminate characteristic dimensions, and (iv) shape of debonded region.
Introduction
The application of bonded metallic laminates, using adhesive bonding, weld bonding, revet bonding, etc., is currently becoming important due to the significant potential offered by such constructions for achieving cheaper and moredamage-tolerant structures as compared to monolithic designs. In contrast to a monolithic construction of same material and weight, each of the metallic lamina in the laminate is necessarily thinner and hence has a higher fracture toughness due to the change from a plane strain condition to one of plane stress or mixed mode. With growing interest in using bonded construction, the development of accurate analysis methodsfor predicting the growth of flaws in such structures is of significant importance.
Inherent in such studies are considerations of bonding process on subsequent load transfer, effect of debonding, etc. Thus, interlaminar shear and normal stresses play an important role; thus making the problem inherently 3-dimensional in nature.
The worst types of flaws in such bonded constructions appear to be: (i) part-through cracks (in one lamina of a bonded laminate) with or without debonding around the flaw, and the other lamina are flaw free; (ii) part-through crack (i.e., through the thickness of one lamina of the laminate) near a through-thickness (of the entire laminate) hole. Surface flaws in a single lamina (i.e., cracks not penetrating the entire thickness of even a single lamina) may also be common inmanufacturing and service environments; however, for the range of thickness of each lamina likely to be used in metallic laminate construction, these surface flaws are likely to quickly penetrate the entire thickness of the lamina. Debonding of the adhesive layer under the flaw is likely to be more prevelant during the process of drilling the hole, if excessive drill pressure is applied or if the drill bit is dull. Thus, consideration of a part-through crack near a through-thickness hole with debonding under the crack is also of importance. Other causes of debonding can be entrapped air, uneven bonding pressure, etc.
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solutions are presented in the present paper for some of the above mentioned flaw geometries.
The presently used analysis procedure is based on a 3-dimensional hybrid-stress finite element method with embedded stresslstain singularities near the crack-front. Some of the details of the procedure have been reported earlier by the authors [1, 2] . The specific modifications to these procedures [1,2] to accommodate the presently considered flaw geometries are included in the present paper.
Results are presented here concerning the effects of parametric variations on the stressintensity factors, with the parameters being: (i) relative thickness of adhesive and adherends, (ii) relative material properties of adhesives and adherends, (iii) ratio of flaw length to laminate characteristic dimensions. These results are compared with the only available two-dimensional analysis results [3-51. Discussions based on these comparisons are included.
Problem Description and a Synopsis of Analysis Procedure
Schematic of an adhesively bonded laminate with a through-thickness crack in one of the lamina is shown in Fig. la . Fig.lb shows a possible crack-like debond between the metal lamina and the adhesive. Fig. lc shows the possible case of a "void" in the adhesive, of an elliptical plan-form shape, around the crack in one of the laminae. It is to the case shown in F i g . 1~ that the present analysis is addressed to.
The analysis of the case depicted in Fig. lc , namely: (i) a crack inone ofthelaminae, (ii) elliptical void in the adhesive, around the above crack, and (iii) the other lamina being intact, may be analysed using the "exact" boundary conditions and a fully 3-dimensional formulation. However, a preliminary assessment would reveal that the cost would be prohibitive. To circumvent this, some plausible approximations are invoked.
Let xl, x2, x3 be cartesian coordinates as shown in Fig. 2 . Thus the crack in the top lamina is described by: x =0, <x <+a, and h < 2 1-2-x < h +h The crack surface is assumed to be 3-2 3' traction free. The elli tical void in the adhesive 1 5 ' is described by: (x /a) +(x2/b)2=1, hl~x&hl+h2.
In reality, the surface of this void is also traction free. The bottom layer as in Fig. 2 , i.e., (kx < h is assumed to be intact.
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To simplify modeling, the elliptical void in the adhesive is approximated by a "weakened" rectangular region -k x < i-b ; -e x < a, h < x < h +h 2-1-1 -F l 2. Let A be the area of the "weakened" rectangular regiog, i.e., A =4ab. Let A be the area of the elliptical void, i.e., Ae=7iab. An "effect.ive" shear modulus p* for the "weakened" rectangular region is defingd in terms of the shear modulus 1~ of "intact" adhesive through the plausible approxa ima tion, Thus, This reduced shear modulus in the rectangular region in the adhesive under the crack in the top lamina is assumed to model the void. To further study the effect of this approximation, two conditions were simulated: (i) the rectangular region was assumed to be intact, eventhough weakened, (ii) because of the convenience of the present finite element modeling, the region x =0, -alx <a, h < x < 2 1-1-3-h +h was assumed also to be traction free, thus 1 2 modelling the lack of load transfer, in addition to the "weakening" through a reduced shear modulus. As will be shown later, no appreciable changes in the computed k-factors for the cracked lamina were found in conditions (i) and (ii). Note that in both conditions (i) and (ii), outside the forementioned rectangular region, the adhesive is "intact", and hence the shear modulus u was used.
The present analysis is based on the multilayer-hybrid stress finite element method presented in detail in [I] . In this procedure each finite element consists of all the lamina (b) the 3-dimensional nature of the stress-state i.e., including interlamina normal and shear stresses are accounted for, (iii) the asymptotic nature of stress and strain singularities near the crackfront in any or all of the lamina is accounted for (iv) the interelement traction reciprocity condition is satisfied through a Lagrange multiplier technique and (v) the method leads to a direct evaluation of k-factors, and their variation in thickness direction, in each lamina. Detailed descriptions of the procedures can be found in [I] . The minor modifications, to the procedures presented in [I] , for purposes of present anlaysis are: (i) the asymptotic singular stress-stress solutions are embedded only in elements near the crack-tip in the cracked layer, (ii) the adhesives is also treated as one of the layers in the laminate, except in the "weakended" rectangular region, as described above, a modified shear modulus is used.
We now present results of the analysis.
Results and Discussion
We first consider the problem of a metalbonded-to-metal panel with a flaw as shown in Fig.  lc . The metallic laminae are of aluminum with properties E =~~. o G N /~~, V=0.33. The adhesive is EM73 with u=0.414~~/m~. The problem geometry is shown in Fig. 2 . In all the analyses, 45 multilayer hybrid elements with 1476 degrees of freedom were used. Because of lack of symmetry with respect to the midplane of the laminate, the entire thickness of the laminate was analyzed. The plan-form view of the finite element mesh is shown in Fig. 3 . From the results for the case [h =h =1.6mm (Alum.), h =0.3mm, a/W=0.2, L/W=1.5 1 3 2 thickness average of the present k-factor solution appears to agree well with the two-dimensional analysis result, without bending correction, given in [3] . It is also seen that the maximum balue in the present analysis is close to the two-dimensional result, with bending correction, given in [3] . Fig. 5 shows results for the case identical to that in Fig. 4 , except that the crack is longer, a/W=0.4. Once again, observations similar to that in Fig. 4 , in comparing the present results with those in [3], can be made. Comparing Figs. 4 and 5, it is seen that a lower k-factor is obtained for the panel iwth a longer crack, since the load transferred to the sound lamina is larger. Fig. 6 shows results for the case similar to that in Fig. 4 14 i2 seen from Fig. 7 that the k-factor increases as the debond region becomes longer. Influence of panel length was also studied by increasing L/w to 1.5, but no appreciable differences were found. By keeping h =h3=l.6mm, a/W=0.2, L/W=1.0, and 1 W=75mm, the mfluence of the thickness of the adhesive layer on k-factors was studied by considering two different values of h2, viz, h =0.2mm, and h = 0.3mm. The results of t h~s ~t u d~,~s h o w n in ~i g .~8 indicate that K -factors increase withthe increasing I thickness of the adhesive layer.
The second category of bonded laminates considered is that ofmetal-bonded-to-corn osite ? .
panels. The metal is aluminum with E=10 psi and v=0.3. The composite is Boron-Epoxy with E -3.5x10~~si, E~~=~~.~X I O~~S~, u12=1. 25xlO6ps*;-and v =0.23. The adhesive layer is of Epoxy with & ! I . 1 6 5~1 0~~s i . The geometry of the debond region is close to that of a circle (b>a). A typical finite element mesh considered is shown in Fig. 9 . The results for the case: h =0.03in, h2=.004in, 1 h3=0.09in, a=0.2in, b=0.25in, W=1.6in, L=1.28in, b/a=1.25 are shown in Fig. 10 . The thickness-average value of the present 3-dimensional k-solution appears to agree well with a 3-dimensional solution due to Erdogan and Arin [4] . In the present case, the panel is relatively thick and the ratio of half width-to-thickness of the panel, is (w/h)=12.g (as apposed to the earlier category of problems wherein W/h=21.4).
Thus, the effect of bending due to unsymmetry of the panel with respect to the panel-midplane can be expected to be very small. Finally, by keeping all other geometric parameters the same as in Fig. 10 , the ratio (b/a) was changed to b/a=0.8, with a=0.4, and b=.32 in: and the results are shown in Fig:11 .
Once again the thickness-average of the present 3-dimensional solution is in reasonable agreement with the 2-dimensional solution [&I.
As can be seen from Figs. 4 to 11, the thickness averages of the present 3-dimensional solution agree well with the corresponding 2-dimensional while the maximum k-factors computed from the present 3-dimensional analysis are in most cases higher than the corresponding 2-dimensional values. Thus the present 3-dimensional analyses establish the limites of practical applicability of the 2-dimensional analyses. 
